If we continue to follow the traces of numbers in history, it is plain to see that a big part of the work of W.R. Hamilton and H. G. Grassmann in retrospect seems to be guided by the spirit of Leibniz, since it was searching for a new understanding about the nature of numbers and, consequently, the creation of new concepts for arithmetical goals in Physics and Geometry by algebraic approaches.
Today Clifford Analysis is the result of the work of several generations of mathematicians who were "standing on the shoulders of those giants" like Hamilton and Grassmann. Not surprising, that among the subjects treated so far in the framework of Clifford Analysis, also Pascal's triangle occurs confirming the words of Leibniz and Bernoulli. In this contribution we try to show, that starting from a subject which had its origin in the analysis of one real or complex variable, we arrive to properties of polynomials with values in non-commutative algebras, that are expressed in terms of binomial coefficients, but in a way that reflects very well the non-commutativity behind.
Our starting point are Appell sequences of polynomials in which the elements of Pascal's triangle naturally occur. In 1880 Appell introduced in [1] sequences of polynomials of one real variable {p k (x)} k≥0 having the property that p k has exactly degree k and its derivative is a k-multiple of p k−1 , k = 1, . . .. From the Appell-property, we get that all polynomials of an Appell sequence have a form which involves the binomial coefficients, namely
This fact that the general expression of the summand is equal to k s c k−s x s suggests to speak about an exponential expansion of p k (x) or that p k (x) obeys a binomial-type theorem (cf. [2] ). Another elegant expression of the sequence {p k (x)} k≥0 is in matrix form, where Pascal's triangle occurs as a lower triangular matrix. More precisely, consider the vectors
According to (1) we have p(x) = Mξ (x), where M is the non-singular lower triangular matrix
which can be easily written as the product of a lower triangular Pascal matrix P = [P i j ] by a lower triangular
A highly appraised paper on the Pascal matrix and its relatives is the article [3] , where the authors highlighted the relation of the Pascal matrix with other special matrices to obtain matrix representations for Bernoulli and Bernstein polynomials, for example. But, in fact, the Pascal matrix is not the most important basic matrix that allows to develop a general method for studying Appell polynomials from a matrix point of view. The Pascal matrix occurs as constructive tool only in some of the classical Appell sequences. Nevertheless, the properties of the Appell polynomials allow to obtain a structure based on another matrix, the infinite creation matrix (see [3] ) H ∞ = [H i j ], a subdiagonal matrix whose nonzero entries are the integers
The simplicity of the structure of H is obvious. In addition, its restriction to the order m + 1 leads to a nilpotent matrix of degree m + 1. The Pascal matrix occurs in several situations, since e H = P (see [3] ). Moreover, a similar relation is true in some generalization of the Pascal matrices which contain also integer powers of x. Such generalized Pascal matrix has the form P(x) = e xH . Notice that for x = 0, x = 1 and x = −1, the generalized Pascal matrix reduces to the identity matrix, P and P −1 , respectively. In fact, from Theorem 1 mentioned in the last section follows that all matrix representations of different kind of Appell polynomials are based on the same H (and in the hypercomplex case on its suitably defined hypercomplex counterpart, which we present also in the last section). This implies an unifying character through creation matrices of the very briefly presented approach. Moreover, the creation matrix H is also a useful tool to obtain the matrix M which transforms the vector ξ (x) into the vector p(x) of the Appell polynomials.
Finally, we notice that Appell sequences of one variable can also be obtained by means of a generating function F(t, x) which is obtained by multiplication of two power series
c n t n n! , and e xt = +∞ ∑ n=0 x n t n n! , with f (0) = 0.
Thus, if f (t) is any convergent power series on the whole real line with the Taylor expansion given as in (3), the Appell polynomials {p k (x)} k≥0 are generated by the exponential generating function F(t, x). By appropriately choosing the function f (t), many -but not all -of the classical Appell polynomials can be derived. In particular, the expression of functions f (t) for Bernoulli and Euler polynomials can be found in [4] . 1 
BASIC NOTATIONS USED IN CLIFFORD ANALYSIS
Let {e 1 , e 2 , · · · , e n } be an orthonormal base of the Euclidean vector space R n with a product according to the multiplication rules e k e l + e l e k = −2δ kl , k, l = 1, · · · , n, where δ kl is the Kronecker symbol. This non-commutative product generates the 2 n -dimensional Clifford algebra C 0,n over R. Considering the subset A := span R {1, e 1 , . . . , e n } of C 0,n , the real vector space R n+1 can be embedded in A by the identification of each element (x 0 , x 1 , · · · , x n ) ∈ R n+1 with the paravector x ∈ A . Here, x 0 and x = e 1 x 1 + · · · + e n x n are, the so-called, scalar and vector parts of the paravector x ∈ A n . The conjugate of x isx = x 0 − x and the norm |x| of x is defined by |x| = √ x x. In what follows we consider C 0,n -valued functions defined in some open subset Ω ⊂ R n+1 , i.e., functions of the form f (z) = ∑ A f A (z)e A , where f A (z) are real valued. We suppose that f is hypercomplex differentiable in Ω in the sense of [8] and [9] , i.e. has a uniquely defined areolar derivative f in each point of Ω. Then f is real differentiable (even real analytic) and f can be expressed in terms of the partial derivatives with respect to
is the usual generalized Cauchy-Riemann differential operator, then, obviously f = ∂ f . Since in [8] it has been shown that a hypercomplex differentiable function belongs to the kernel of ∂ , i.e. satisfies the property ∂ f = 0 ( f is a monogenic function in the sense of Clifford Analysis), then it follows that in fact f = ∂ 0 f like in the complex case.
APPELL POLYNOMIALS AND NUMBER TRIANGLES IN CLIFFORD ANALYSIS
The first atempt to generalize the Appell-property to higher dimensional cases, was made in [10] , through the definition of the so-called standard homogeneous Appell polynomials,
The elements of the Pascal's triangle are present in the above expression but, caused by the non-commutativity of the Clifford Algebra, the corresponding number triangle formed by the rational coefficients T k s (n) is not symmetric. Several properties of this number triangle can be found in [11] . It is not difficult to obtain another closely related triangle, namely the triangle with the elements
where
(n + 2i).
Among several interesting properties, we can prove that all elements I k s (n), n ≥ 1, are non-negative integers. This fact is illustrated below, where we present the first five lines of the triangle. 1 (n + 3) 2 (n − 1) 1 (n − 1) 1 (n + 3)(n + 5) 3 (n − 1)(n + 3) 3 (n − 1)(n + 1) 1 (n − 1)(n + 3) 1 (n + 5)(n + 7) 4 (n − 1)(n + 5) 6 (n − 1)(n + 1) 4 (n − 1)(n + 1) . . .
More details about different representations of Appell sequences in the hypercomplex context and contributions of other authors to this subject can be found in [12, 13, 14, 15, 16] .
